We have investigated the features of the gauge vector field in a braneworld scenario built as a warped product between a 3-brane and a 2-cycle of the resolved conifold. This scenario allowed us to study how the gauge field behaves when the transverse manifold evolves upon a geometric flow that controls the singularity at the origin. Besides, since the transverse manifold has a cylindrical symmetry according to the 3-brane, this geometry can be regarded as a near brane correction of the string-like branes. Indeed, by means of a new warp function and the angular metric component of the resolved conifold, the braneworld can exhibit a conical form near the origin as well as a regular behavior in that region. The analysis of the gauge field in this background has been carried out for the s−wave state and a normalizable massless mode was found. For the massive modes, the resolution parameter avoids an infinite well on the brane and controls the depth of the well and the high of the barrier around the brane. The massive modes are slightly changed near the brane but they agreed with the string-like spectrum for large distances.
I. INTRODUCTION
The Kaluza-Klein theories, as well as other extra dimension theories, has been boosted after the seminal papers of Randall and Sundrum (RS) [1, 2] . By assuming an specific geometry, namely, a warped product between a flat 3-brane and a single extra dimension, the RS models solved the hierarchy problem, providing a tiny correction to the Newtonian potential and allowing gravity propagation in an extra dimension.
Indeed, RS models opened new trends to theoretical research. Soon after, a huge amount of papers appeared enhancing features of RS models as proving the stability of the geometrical solution [3] , providing a physical source for this geometry [4] [5] [6] [7] , allowing the other fields to propagate in the bulk [8] [9] [10] 13] or extending the model to higher dimensions [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
In six dimensions, some models assume two extra dimensions (an extension of the so called RS type 1 model) where some two dimensional compact transverse manifold has been proposed [14] , including some peculiar manifolds as the torus [26] , an apple shape space [27] and a football shaped manifold [28] . On the other hand, some authors have studied a braneworld where the two dimensional manifold has a cylindrical symmetry according to the 3-brane, the so-called string-like brane [13, 15, 16, [18] [19] [20] [21] [22] [23] [24] 29] . This brane can be regarded as a 4-dimensional vortex embedded in a 6-dimensional space-time [15, 19, 20, 22] .
Among the good achievements of the last models are the localization of the fermion [13] and gauge [23] fields on the brane coupled only with gravity and a lower correction to the gravitational potential [21] . Besides, the geometry is richer than the 5−D RS type 2 model, since the exterior space-time of the string-brane is conical with deficit angle proportional to the string tensions [15, 18, 21, 22] . Hence, the exterior geometry of the string-brane reflects the physical content of the brane.
This relationship between geometry and physics led us to study how the physical characteristics of a braneworld change when the geometry of the transverse manifold evolves under a geometrical flow. This flux can be realized as a symmetry change (perhaps a break) of the geometry due to variations of the parameters that describe the brane.
In order to accomplish this task we have chosen as a transverse manifold a 2-cycle of a well-known space in string theory, the so-called resolved conifold. This is a smooth parameter-dependent six dimensional space whose parameter a controls the singularity on the tip of the cone [32] [33] [34] [35] [36] [37] [38] . Thus, it is possible continuously flow from a smooth to a singular manifold by means of variations of the parameter a.
The resolved conifold is one of the smoothed manifolds from the conifold, a Calabi-Yau (CY) orbifold that plays an important role in the conical transitions in string theory [32] [33] [34] [35] [36] [39] [40] [41] [42] [43] . There is another smoothed conifold, obtained by deforming through a parameter the quadric that defines the conifold, called deformed conifold [32, 33, 37, 39, 42, 44, 45] . Both spaces are quite important in some extensions of the AdS-CFT correspondence, where the branes are placed at the nobe of the smoothed cones [36, 39, [41] [42] [43] .
Moreover, the behavior of the gravitational field on a bulk builded from a warped product between a flat 3-brane and a deformed or resolved conifold has already been studied. For the former case, the authors studied the gravity in the whole deformed conifold or in a compact domain nearby a region of the deformed conifold called KlebanovStrassler throat [44] [45] [46] . It has been argued that the massless mode, usually identified with the effective gravity, is normalizable and the Kaluza-Klein (KK) modes are peaked in the throat. For the resolved conifold, despite there is an infinite radial dimension, the massless mode is located around the origin and the KK spectrum has an exponential decay [38] .
The study of the behavior of the fields on braneworlds with non trivial transverse manifolds has already been addressed in the literature. Indeed, for a manifold like a tear drop, the conical singularity plays an important role in adjusting the brane cosmological constant [16] . Further, Ricci-flat or homogeneous spaces locate not only gravity but also chiral fermions [47] . Another singular solution is the so-called cigar-like universe where the transverse space has a cylindrical shape far from the brane but the radius of the cylinder shrinks as we move toward the brane [48] .
In this article we are concerned with an axisymmetric and static six dimensional braneworld with cosmological constant whose transverse space is a 2-cycle of the resolved conifold. We have investigated its geometrical issues, as well the behavior of the vector gauge field in this background. In our last article [49] , we have shown that a real scalar field exhibits some interesting results in this geometry, as a parametrization of the well-known volcano potential for the KK modes and a robust localization of the massless mode upon the resolution flow. Here, through a new warp function that possess a Z 2 symmetry, we have analyzed the components of stress-energy-momentum tensor, the string tensions and the relation between the mass scales. Although near the origin the scalar curvature depends strongly upon the resolution parameter, the bulk converges to a AdS 6 manifold, regardless the value of the resolution parameter a.
We argue that this is a realistic scenario since the components of the energy-momentum tensor satisfy the weak energy condition and the failure of the dominant energy condition is shared with other six dimensional models, as the Gherghetta-Schaposhnikov (GS) model [21] , where the 3-brane is infinitely thin [29] . Nevertheless, the energy string tension (string mass) is always greater than the other string tension, as in GS model [21] . Besides, when the value of the resolution parameter increases the relationship between the mass scales increases also.
For a = 0, this geometry can be realized as a complete (interior and exterior) string-like solutions that provides some corrections to the thin string model near the origin. On the other hand, for a = 0, the 3-brane can be regarded as a brane embedded in a 4-brane with a compact extra dimension whose radius is the resolution parameter. This enable us to realize the RS type 1 model as a limit of the six dimensional non-compact scenario.
In addition, we have studied how the gauge field behaves under the resolution flow. Due to the non-trivial geometry, we assumed that the brane component of the gauge field does not depend on the radial coordinate. This condition yields a homogeneous differential equation for the KK modes which is valid only for the s−wave solution, i.e., for l = 0. For this solution, the massless mode exhibits a Z 2 symmetry and it is trapped to the brane for any value of a = 0. For a = 0, the massless mode vanishes on the brane due to the conical behavior. Therefore, the resolution parameter also allows to define the gauge zero-mode on the brane, despite the conical characteristic. The problem of find the induced field equation on the brane also occurs with the gravitational field in string-like modes [30, 31] .
Furthermore, the KK modes are well-behaved near the brane and they converge asymptotically to the well-known string-like spectrum [23] . Besides, a prevents an infinite well on the brane, which happens for conical spaces (a = 0), and controls the high of the barrier and the depth of the well around the brane.
This work is organized as follows. In section II we have review the most important features of the resolved conifold. Furthermore, we have proposed and studied the properties of the 2-cycle of the resolved conifold that we have chosen as the transverse manifold. In section III we built the warped product between a 3-brane and the 2-cycle described before. We presented and discussed the properties of the warp function chosen and the angular metric component. From the Einstein equation, we have studied the properties of the energy-momentum tensor components and the respective string tensions. Further, we analyzed the behavior of the relation between the mass scales with the resolution parameter. In section IV we have obtained the massless mode as well as the KK spectrum for the s−wave solution. In this section we have studied also the response of the gauge field to the resolution flow. Some conclusions and perspectives are outlined in section V.
II. CONIFOLD GEOMETRY
In this section we present the definitions and main properties of the conifold as well of its smooth version, the so-called resolved manifold. Further, we choose and study some characteristics of a 2-cycle of the resolved conifold that we shall use as a transverse manifold.
The 6-Conifold is a conical manifold C 6 ⊂ C 4 defined as the solution of the quadric equation [32-34, 36-42, 44 ] A key property of this equation, inherent to the conics, is that, if (z 1 , z 2 , z 3 , z 4 ) satisfy eq. (1) then (λz 1 , λz 2 , λz 3 , λz 4 ), λ ∈ C, also satify eq. (1). The point λ = 0 is the so-called node or tip of conifold whereas for a fixed λ we obtain a manifold called the base space (X 5 ). By construction, it is possible to define a radial coordinate u : [0, ∞) → [0, ∞). Using such variable, a rather general metric of a 6-conifold over a X 5 compact space takes the form ds This cone has a radial metric component
Note that lim u→∞ g uu = 1 and therefore the cone approaches asymptotically to the plane R 2 with cylindrical metric of an effective radius u ef f = (r 2 +6a 2 ) 6
which is the transverse metric used in string-like geometries [19] [20] [21] [22] . The angular resolved conifold metric component
has a conical singularity depending on the resolution parameter. The scalar curvature of this 2-manifold is
As shown in the Fig. (1) , this 2-section is everywhere smooth for a = 0. Since for a = 0 this manifold is cone-like, its curvature vanishes except at the origin, where it diverges. These issues motivated us to use this manifold as a prototype of extension of transverse spaces in the brane worlds. As a matter of fact, many authors have studied the localization of fields in spherical backgrounds whose transverse space has positive, constant and non-singular curvature [14, 15, [19] [20] [21] [22] [23] 29] . Other authors investigated the behavior of fields on other less common geometries [10, 26, 28, 44, 45, 47, 48] . Since the resolved conifold is parameterized by the resolution parameter, by using resolved conifold as transverse manifold we can not only study the properties of the fields in this rich space as also we can study the effects that singular and smooth manifolds have on the localization of fields. Now let us make a change of variables in order to write out the metric (6) of C 2 in a gaussian form
By setting dr = (u 2 +6a 2 ) u 2 +9a 2 du, we obtain a smooth change of variable r :
Then, the change of variable has the following form
, a = 0, where E represents the elliptic integral of second kind. The shape of this change of variable is sketched in Fig. (2) . Since β is initially defined according to the u variable, it is useful to obtain the inverse change u : 0, ∞) → [0, ∞) that can be written as
r , 2 3 , a = 0, whose graphic is shown in Fig. (3) . Henceforward, we shall use the gaussian coordinates (r, θ) to study the braneworld scenario that we shall describe in next section.
III. BULK GEOMETRY
Once defined and studied the geometry of the 2-cycle of the resolved conifold which we shall use as a transverse space, let us build a six dimensional warped bulk M 6 of form M 6 = M 4 × C 2 , where C 2 is the section of the resolved conifold described in the last section and the M 4 is a 3-brane embedded in M 6 .
The action for the gravitational field is is defined as
where
6 is the six-dimensional bulk Planck mass and L m is the matter Lagrangian for the source of the geometry. Note that in this convention, the bulk cosmological constant Λ has dimension [Λ] = L −6 = M 6 . Consider a static and axisymmetric warped metric between the 3-brane M 4 and the transverse resolved conifold C 2 given by
where 
where, c ∈ R whose dimension is [c] = L −1 . It is noteworthy to mention two important features of this warp function. First, as in the usual string-like geometries, the warp function vanishes asymptotically [13, 15, [19] [20] [21] [22] [23] 29] . Second, the warp function chosen above, unlike the thin string-like geometries [21, 23] , satisfies the following conditions for regularity in the origin
where, the prime ( ′ ) stands for the derivative d dr . This feature is due to the addition of the term tanh cr that smooth the warp factor near the origin and converges to the string-like one for large r. Indeed, the warp function has a bell-shape as sketched in the Fig. (4) . Therefore, we can realize this warp function as a near brane correction to the thin string-like models [13, 15, 21, 23] . For the thin models (represented in Fig. (4) by a dotted line) this warp factor function is defined for the exterior of string only and it can only be regard as defined for all r whether the width of the core of the string-like brane is zero. For c = 1 the warp factor is presented in Fig. (4) by a thick line. Besides, its derivative does not vanishes at the origin as required.
For the angular metric component,
As in the thin string models, the angular metric component vanishes at infinity [13, 15, 21, 23] . However, a new feature occurs at the origin, where
For a string-like geometry it is usually assumed the regularity condition [21, [29] [30] [31] 
which is not satisfied for the exterior string solution [21, 23] 
Note that for r = 0 there is a 4-brane M 5 whose metric is given by
a is the circle of radius a and M 4 is obtained for a = 0. Consequently, the geometrical flow of the resolved conifold leads to a dimensional reduction M 6 → M 5 in the origin. The string-like dimensional reduction M 6 → M 4 is reached provided a = 0. In the case (a = 0), the condition (16) 
6 . Yet, as we will show in the sections (IV 1) and (IV 3), the gauge field is ill-defined if condition (16) is accepted (conical space).
For the brane at resolved conifold, the angular component has a Z 2 symmetry due to its zero derivative at origin. In Fig. (5) , for a = 0 (dashed line), the component exhibits a conical behavior at the origin, which is expected for a string-like geometry. For a = 1 and a = 2, respectively the thin and thick lines, the function acquires a bell-shape. The scalar curvature of M 6 is given by
where,R is the scalar curvature of the 3-brane M 4 . The scalar curvature is plotted in the Fig. (6) forR = 0. Note that the manifold has a smooth geometry everywhere and it approaches asymptotically to an AdS 6 which radius does not depend on the resolution parameter. This ensure us to claim that (M 6 , ds 2 6 ) is an extension of the thin string models for both near and far from the brane. The properties of the scenario described above turned it an interesting extension of the string-like braneworld. Indeed, it not only allows to regularize the geometry at the origin as it yields a geometric flow in the transverse space that changes the brane properties, as we shall see later.
In this work, we shall not deduce this geometric solution from a matter Lagrangian. This would demand numerical analysis, as performed in ( [22] ) that diverges of our aim. Instead, following the same approach used in ( [21, 25, 29] ), our main goal is to study the behavior of the gauge field minimally coupled in this background when the geometry suffers a resolution flow. In order to investigate the physical feasibility of this model, in the next section we shall study the properties of the stress-energy-momentum tensor and the string tensions as well.
A. Einstein equation
Through the Einstein equations, in this section we shall derive and study some physical quantities of this scenario, as the components of stress-energy-momentum tensor, the value of the cosmological constant, the string tensions and the relationship between the mass scales. Firstly, let us assume a cylindrically symmetric ansatz for the energy-momentum tensor
where,
From the action (10) we obtain the Einstein equations
The metric ansatz (11) leads the Einstein equations to a system of coupled ordinary differential equations, namely
5 2
where, we assumed the 4-brane M 4 to be a maximally symmetric manifold whose four-dimensional cosmological constant on the 3-brane satisfiesR
with,
. However, since we have chosen a metric ansatz where lim r→∞ W (r) = 0, the last term in Einstein equations blows up at infinity. In order to overcome this obstacle, hereinafter we will set Λ 4 = 0, i.e., M 4 is a flat-brane.
Using the metric ansatz (11), we have found the following components of the energy-momentum tensor 
The graphics of these functions were plotted in Figures (7) , (8), and (9). It is worthwhile to say that all the components have compact support near the origin where the 3-brane is. This feature also appears in a string-like brane generated by a vortex [22] . Hence, the source of this geometry, whatever it be, has its energy content localized near the origin, and so the geometry is created by a local source.
Furthermore, the components satisfy weak energy conditions, unless for very tiny values of a. For a = 0, the energy conditions (weak, strong and dominant) are all fulfilled. These features turn this geometry a physical and realistic scenario, albeit exotic, since the components do not satisfy the dominant and the strong energy conditions for all values of a. Besides, the dominant energy condition is also broken in the Gherghetta-Schaposhnikov (GS) model (infinitely thin string) [21, 29] .
For large values of a, the energy density and the angular pressure converge equally for the same value and both are always greater than the radial pressure. Besides, since all components decay quickly we can estimate a width of the brane and it decreases as a increases. Another consequence of this geometry is that the bulk has a negative cosmological constant. Indeed, for large r, the components of energy momentum tensor vanish and the vacuum solution of the Einstein equations yields the well-known relationship [21, 23] : 
B. String tensions
An important quantity of the brane is the so-called the brane tension. We define the 4-tension per unit of volume of the 3-brane, as [21] [22] [23] µ i (c, a) = 
We have plotted Ξ i for some values of a in the figures (10), (11) , (12) . By means of the graphic it is possible to see that for large values of a the energy tension (µ 0 ) is always greater than the radial tension (µ r ) and the angular tension (µ θ ). This result also appears in the other string-like defects [21] [22] [23] . In GS model, for instance, the authors have taken an infinitely thin brane with µ r = 0. Therefore, the differences µ 0 − µ r and µ 0 − µ θ decrease when a decreases.
C. Mass hierarchy
In the last section, we have seen that string tensions, including the string mass, depend on the evolution parameter a. Now we wish to study how the geometric evolution alters the relation between the bulk and brane mass scale.
In this geometry, the relationship between the four-dimensional Planck mass (M 4 ) and the bulk Planck mass (M 6 ) is given by [21, 22] 
Due to the complexity of the warp factor and the angular metric component, it is a difficult task to find the integral in Eq. (33) . However, we can study it qualitatively. Since all the metric components are limited functions, this geometry has a finite volume and then, it can be used to tuning the ratio between the Planck masses explaining the hierarchy between them. Note, however, that the relationship between the Planck masses depends on the evolution parameter a.
In order to study the behavior of we defined the function M : whose integral over r provides the desired ratio. This function was sketched in Fig. (13) where we can conclude that as higher the value of a is, higher is the value of
. Hence, a evolution of the bulk geometry through a geometrical flow, as the resolved conifold, could alters the hierarchy between the fundamental energy scales in the bulk and in the brane. This is an extension to the string-like GS model tuning of the Planck masses since in this model the relationship is accomplished by fixed geometrical constants, e.g., the bulk cosmological constant and the angular tension [21, 23, 29] . As usual in braneworld models , the bulk mass scale is chosen in the scale.
IV. GAUGE VECTOR FIELD LOCALIZATION
Next, we turn our attention to the case of vector field. Let us start with the action of a U (1) vector field
From the action (35) the motion equation is given by In the background metric (11), the equation of motion (36) becomes
and
where we have used the usual gauge conditions [23, 25] 
Let us take the following forms of the KK decomposition as usual
Then, from Eq. (37) we have
Therefore Eq. (38) leads to a general solution to ξ(r) as
with
where we have required A l λ (x µ ) to satisfy the following relation
The Eq. (45) differs from that presented by Oda in Ref. [25] through the non-homogenous term in the right hand side. This difference arises due to the function ξ(r) that is more general than that studied in [25] .
Let us restrict ourselves to the case where
Condition (47) yields the homogeneous differential equation
with an additional condition on the gauge field, A r (x µ , r, θ) = C l=0 ξ(r)Y l (θ), where C ∈ R. Assuming C = 1, condition (47) means that the radial component has no dependence on the brane coordinates. In order to keep the condition (47) in agreement with Eq. (43), from now on, we shall choose l = 0 (the s−wave state).
In that case the equation (48) turns into a Sturm-Liouville one. Further, let us looking for solutions that satisfy the boundary conditions [21, 22, 25] 
Naming solutions of Eq. (48) and as χ i (r) and χ j (r), the orthogonality relation between them is given by [21] 
Now, we can rewrite Eq. (48) as
The analysis of Eq. (51) will be done in two stages as follows.
Massless mode
For m = 0, a constant functionξ 0 is a particular solution of Eq. (51). Since the weight function W (r, c)β(r, a) has compact support around the origin, the constant functionξ 0 is a normalizable solution of eq. (51). Therefore, from orthogonality relation (50), we can construct a normalizable zero-mode solution as [21, 25] χ 0 (r, a, c) = N W (r, c) 
where N is a normalization constant given by The massless mode (52) is graphically represented in the Fig. (14) . As we shall see in section (IV 3), the zero-mode (52) satisfies the analogous Schroedinger equation for m = 0. Note in figure (14) that the conifold parameter smoothes the zero-mode at the origin. For a = 0 (thick line), the massless mode vanishes at the origin. This means that, for a string-like geometry satisfying the regularity condition γ(0) = 0 (16), the vector zero-mode is ill-defined. This issue does not appear in the usual string-like models (dotted line) because these geometries are only exterior string solutions, i.e., β is constant [23] . For a = 0.1 (thin), the zero-mode is smoothed and shows an increasing conical behavior near the origin.
This smooth behavior provides a Z 2 symmetry to the zero mode. Besides, all curves are smooth and satisfy the boundary condition at the origin, in contrast with the solutions found in thin brane models. Note also that the exponentially decreasing displayed on the plot is equal to the one found in the string like defects [23, 25] .
Massive modes
Now let us study the properties of Eq. (51) for m = 0. Using the expressions for the metric factor we obtain
For r → ∞, Eq. (54) converges to the well-known equation of string-like defects given by
and then we argue that asymptotically the behavior of the field has the same features as in string-like defects with a mass term shift m → e −1/2 m [23, 25] . The solution of Eq. (55) can be written in terms of the the Bessel function as [23, 25] χ(r) = e 
hence, the Kaluza-Klein spectrum corresponds to the string-like one.
In the near brane regime, for r → 0 and a = 0, Eq. (54) turns to be
The solution to the Eq. (57) can be written in terms of the Hermite polynomials and the Kummer's function of the first kind of order 
as
The solutions near the brane for some n values are displayed in Fig. (15) where it is possible to see that the KK modes are well-defined and smooth functions. Therefore, we claim the resolution parameter alters slightly the KK modes near the brane and provides the same KK modes as for the exterior string-like model [23] .
Quantum potential
Another way to study the massive modes lies on transform the Eq. (51) into a Schroedinger-like equation and study its quantum potential. In order to do this, let us make the following change of variable r ⇒ z = f (r) such that
This give us the following equationχ
where the dot means derivative with respect to z. Choosing υ 2 W = 1, we obtain
Using the change of variable (62) in the equation (61), we geẗ
In order to simplify the last equation, let us write χ(z) in the form This change transform the Eq. (63) to the form
MakingΩ
the function Ψ(z) must satisfies
where V (z) is given by
It is still possible to write the potential in terms of the r variable. In this case we have
The Schroedinger-type potential is plotted in Fig. (16) . It is worthwhile to mention that the massless mode (52) satisfies the Schroedinger equation (67) for m = 0, as required [11] [12] [13] . The resolution parameter controls the high and depth of the potential well and the value of the potential at the origin.
Moreover, note that for a = 0 the potential diverges at the origin yielding tachyonic modes on the brane. On the other hand, for a = 0 the potential is positive at the origin. Then, the resolution parameter also allows to rule out tachyonic vector modes on the brane.
V. CONCLUSIONS AND PERSPECTIVES
In this work we have studied how the geometrical and physical properties of a warped braneworld scenario builded from a 3-brane and a 2-cycle of the resolved conifold change when this manifold evolves under the resolution flow. Then, we analyzed the behavior of the vector gauge field in this axysymmetric and static six dimensional space-time.
Firstly, we have shown that this is a physical feasible scenario, since the weak energy condition is satisfied for all values of the resolution parameter a and for a = 0, the source obeys the dominant energy condition. Moreover, since the transverse manifold has finite volume with negative cosmological constant that does not depend on the resolution parameter and in addition, the bulk is everywhere smooth, this geometry can be regarded as a near brane extension of the well-known thin string-like brane solutions.
The string tension conditions of the thin string branes are also fulfilled, albeit the radial tension is not zero. Further, the relation between the bulk and brane scale energy increases when the parameter increases.
In the analysis of s−wave state of the gauge vector field in this scenario we obtained a normalizable massless mode and a Kaluza-Klein modes near the brane. We found that the resolution parameter avoids the zero mode to vanish on the brane (what happen whether β(0) = 0) and provides a Z 2 symmetry to this mode. Thus, we argue that resolution parameter smoothes the vector modes near the brane and it agrees with the string-like zero-mode for large distances.
Moreover, the zero-mode satisfies the Schroedinger-like equation for m = 0, as required. The potential has an infinite potential well for a = 0 what leads to tachyonic modes on the brane. For a = 0, the potential is positive and repulsive at the origin. The massive modes are smooth near the brane and have the same behavior of the string-like model asymptotically. Then, the resolution parameter allows the existence of a well-defined vector zero-mode and avoids KK and tachyonic modes on the brane.
For future works we intend to study the behaviour of the gauge vector field for l = 0, and to study other fields in this background as well.
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